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Overview

B-Spline curves are piecewis@Ber curves. To develop B-splines, and to do so in a continuous smooth
way, we must discover the conditions on which twezieer curves can be pieced together. To examine this
process, we will first consider a single cubic curve and show how to construct the néaigr Bontrol
polygons that represent the curve. These control polygons, and their geometric constraints, are paramount
in the definition of the B-spline curve.

A Matrix Equation for a Cubic Curve
A cubic polynomial curveP(t) can be written as a&ier curve. If we lePg, Py, P2, P3 be the control
points of the curve, then it can be written as

3
P(t) =Y P;B;3(t)
1=0
where theB; 3(t) are the cubic Bernstein polynomials. In this representaifpn= P(0) andP3; = P(1).
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The representation of the curve can be written in a matrix form by

(2
= (1—1)3Pg + 3t(1 — t)*Py + 3t3(1 —t)Py + t°P3

Py
P
z[(l—t)?’ 3t(1—t)2 3t2(1—1t) t3] '
P2
P;
-Po-
P
z[l t 2 3| M !
P2
Ps
where
1 0 o0 0]
-3 3 0 0
M =
3 -6 3 0
-1 3 =31

The matrixM defines the blending functions for the cul®¢t) — i.e. the cubic Bernstein polynomials. (In
reality there are three equations here, one for each of theindz components oP (¢).)

Reparameterization using the Matrix Form

The control polygoq Py, P1, Py, P3} defines the unique cubic cur®y(t), and is most frequently used
to represent the curve between- 0 andt = 1, wherePy, = P(0) andP3; = P(1). However, given an
interval[a, b], there exists a unique control polygdé®o, Q1, Q2, Qs} defining a Bezier curveQ(t), such
thatQ(0) = Qo = P(a) andQ(1) = Q3 = P(b). These control polygons, calleceBier polygons can be
generated by reparameterization and by manipulating the matrix representation above.

Suppose that we wish to find the&Ber polygon for the portion of the curi(t) wheret € [a, b]. If we
define this new curve aQ(t), then we can defin@(t) = P((b — a)t + a). It is straightforward to check
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that bothQ(¢) andP(¢) are cubic curvesand represent the same curWe can calculate the control points
for Q(t) by using our matrix form, that is

Q(t) =P((b—a)t +a)

1 0 o o]/ Pr
(1 0-aita (b-at+a)? ((b-a)+a)® R I
- —a a —a a —Qa a
I3 -6 3 ol Py
1 3 -3 1|| Py
1 0 0 o][Py]
3 3 0 0|]|P
:[1tt2 t3] C !
3 -6 3 0Py
1 3 -3 1| Py

where the matri¥C] has columns whose entries are the coefficients, of t> andt® respectively in the
polynomialsl, (b — a)t + a, (b — a)t + a)?, and((b — a)t + a)?, respectively. This can be rewritten as
Q(t):[l to2 }CMP
=[1t 2 | M(SuP)
whereS|, ;) is equal to
S[a,b] =MCM

The new control points for the portion of the curve whereanges froma to b can now be written as
(StatrP)-

A Specific Example
An example of this which will be useful to us in learning how to piece together tézdB curves is to



find the control polygon for the cund(¢) when its parameter ranges franto 2. In this case, we have
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So the control polygon for that portion f(¢) curve where ranges froml to 2 is given by

Q| [0 0o o 1][Pp]
Q | 0o 0 -1 2 P,
Q2 0 1 —4 4 P,
Qs -1 6 —12 8 Ps3
- - i
—PQ —+ 2P3
= 1)
Py —4P5 + 4P3
—PO =+ 6P1 — 12P2 + 8P3
Working with some algebra, and defining new temporary pdititsR, andR3, we see that
Qo = P3
Qi =P;+ (P3—Py) (2
R =P+ (P, —Py) (3)
Ry =Py + (P2 — Py) (4)
R; =Ry + (R2 —Ry)
= P2 -+ (PQ — Pl) + (PQ -+ (PQ — Pl) — P1 + (Pl — Po))
=Py — 4P + 4P> (5)
Q2=Qi1+(Q1 —Ry)
=P34+ (P3—P3)+ (P3+ (P3—P3) —Py+ (P, —Py))
=P — 4P, + 4P3 (6)
Q3 =Q2+ (Q2—Rg3)
=Py — 4Py + 4P3 + (Pl — 4Py 4+ 4P3 — Py — 4P + 4P2>
=Py + 6Py — 12P, + 8P3 7

Using these equations, these new control points can be analyzed geometrically and as a result each can be
calculated by a simple geometric process using only the initial control poly§enP,, P2, P3}. If we



consider the following figure, where we have displayed the control g&inP,, P>, andPsg, it is easy to
locate the poinQy = Ps.

P, P,
P3
Qo
Py
By equation (2),Q; lies on an extension of the linB,P3 where the distance betwedh, and P3, and
betweenQ, andQ; are equal.
P, Py
P;
Qo

Te

Po Ql

By equation (4)Rs lies on an extension of the lirlé; P,, where the lengths defined B, P> andP>Rs>
are equal — and as a result of this fact and equatiorg)ies on an extension of the lirlR,Q;, where the

lengths defined bR, Q; andQ; Q- are equal. This enables us to consti@Qet

P; P, R:; =Py + (P, —Py)

P3+ (Ps — Py)

Q,*

Similarly, using equations (3), (4), (5), and (7), we can consi@igas in the the following illustration



Ri =P+ (P; — Py)
...

Pl /,'." P2 “\.\“\ R2 = P2 =+ (P2 — Pl)

" Rg=4P, —4P; + P,
v Q .
Po

Q..

V4P — 4Py + P,y
Q;

The result of this exercise is that we can construct the control points of the @{tyalirectly from the
original control points folP(¢). These two functions represent theme curve

An interesting exercise for the reader is to calculate the portion of the &ueast ranges fron to
2. In this case, the new cun®@(t) can be defined aQ(¢) = P(2t), and by substituting this into the matrix
form, the resulting Bzier polygon should béP¢, R, R3, Qs}. Try it out .

A Expanded Example

The example above illustrated the fact that there are mazyeB polygons that can represent a cubic
curve. However the geometric construction process generated by this example did not quite illustrate the
fine details of the algorithm. To see the necessary characteristics of the algorithm, we will use the following
example: Find the control polygon for the portion of the cuRfg¢) whent ranges betweeh andb, for an
arbitrary value ob. In this case, we define the cur@t) = P(at+ 1), wherea = b— 1 and use our matrix



representation to calculate

Q(t) = P(at +1)

where

1 0 o0 o]
[1 (at+1) (at+1)% (at+1)3 3 0
3 -6 3 0
-1 3 -3 1
(111 1 |1 0 o o]]
:[lttz t3} 0 a 2a 3a -3 3 0 O
0 0 a® 3d® 3 -6 3 0
(00 0 o || -1 3 -31]]
=1t £ ] M(SyP)
e o
1 0 0 0 11 1 1 1 0 0
-3 3 0 0 0 a 2a 3a -3 3 0
3 -6 3 0 0 a’? 3a? 3 —6 3
-1 3 =31 [00 0 a3__—13—3
tooo][11 1 1t]]1 o o o
1 3 00|[0 a 2 3a -3 0 0
1 2 20|00 o 3d 3 -6 3 0
11 11 00 0 a -1 3 -3 1
0 0 0 1
0 0 —a (a+1)
0 a? —2a(a+1) (a+1)?
—a® 3a’(a+1) —3a(a+1)? (a+1)3_

P,
Py

Py
Py
Py
P;
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So the control polygon for that portion ®f(¢) curve where ranges froml to b is given by

0
0
0

0 0 1

0 —a (a+1)

a? —2a(a+1) (a+1)?
—a® 3a*(a+1) —3a(a+1)* (a+1)* |

P3
—aP2+ (a+1)P3
a’Py — 2a(a+ 1)Py + (a + 1)°P3

Py
P,
Py
P3

—a®Pg + 3a?(a + 1)Py — 3a(a + 1)?Py + (a + 1)°P3

These new control points can again be analyzed geometrically and as a result each can be calculated by

a simple geometric process using only the initial control polygBg, P, P2, P3}. To accomplish this, we

first write

Qo =P3

Qi =P3 +a(P3 — Py)

R, =P;+ a(P1 — Po)

Ry =Py +a(P2 — Py)

R3 = R2 + a(Rg — Rl)
= PQ + CL(P2 — Pl) + a(PQ + a(P2 — Pl) — P1 + (I(Pl — Po))

= a’Py — 2a(a + 1)P1 + (a + 1)°P,

Q2=Q1 +a(Q1 —R»)
=P3+ a(Pg — Pg) + CL(P:}, + (L(Pg — PQ) — Py + a(P2 — Pl))
= a’Py — 2a(a + 1)Py + (a + 1)°P3

Qs = Q2 +a(Q2 — R3)

= —a’Po + 3a*(a + 1)Py — 3a(a + 1)?Py + (a + 1)°P3

where the last calculation can be done with some algebra.

The important factor here is theterm. Each of these points is on an extension of a line of the original



control polygon, or the extension of a constructed line. The factetermines how much to extend. The
following illustration shows the construction for our previouszier curve witha = g, giving the portion
of the P(¢) wheret ranges fron to .

R

..

Summary

We have shown here that for a cubic curve, there are many control polygons that can define the curve.
Using our matrix representation, we have shown how to determine the control polygon that covers an arbitary
interval [c, d] of the original curve. Our examples will be very useful when we discuss how to piece two or
more Bezier curves together.
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