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Overview

The Bézier patch is the surface extension of ttezir curve. The definition of the patch follows directly
the definition of the curve, with the primary differences being the use of an array of control points and the
bivariate Bernstein Polynomials. The edge curves of the patch &ieBcurves and the “corner” control
points are always on the curve.

In these notes we show that a patch can be treated as a continuous éetesfdBirves. That is, for any
fixed parameter or vy we can define a & ier curve that lies directly on the surface of the patch. Thisis a
very valuable tool for calculations on the patch.

Calculating Bézier Curves on Bezier Patches

In the development of the&ier patch, we have shown that the boundary curves of the patcleaier B
curves —that isP (0, v) andP(1, v) are Bezier curves lying on the boundary of the patch.

If we examine the definition of a&ier patch closely, and group factors appropriately,
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we notice that portion of the equation inside the brackets is the representatioréafea Burve. If we fix
u = uy, the internal sum can be calculated (for= 0, ..., m). This implies thatP (ug, v) is a Bezier curve
on the surface

If we defineQ;(u) to be the value



(i.e. the value inside the brackets above) then we can see that
P(u,v) = > Q;(u)Bjm(v)
=0

That is, the quantitie§ ; (u) form the control points of another&ier curve, and together for allandv,
they form the surface.

Therefore, given, = g, we can calculate the quantiti€ (uo), Q1 (o), ..., Qm(uo), givingm control
points to utilize for the curve

Q) = > Q;(u0)Bjm(v)
=0

This curve lies on the patch — since it is realug, v), and calculatingl(vg) gives us the point on the
patch at(ug, vo). SinceQ(v) is a Bezier curve, this calculating is straightforward. The following illustration
shows the relationship between Qs and théPs in the4 x 4 case.

First the pointQq(up) is calculated as a point on theeBer curve defined by the control poiis o,
Po.1, Po2 andPy 3.

Pos

next the poiniQ; (uop) is calculated as a point on theeBier curve defined by the control poiis o, P11,
PLQ andP173.



then the poinQQ2(uo) is calculated as a point on theeBer curve defined by the control poifs o, P2 1,
P2’2 andP2’3.

and finally, the poinQa(uo) is calculated as a point on theBier curve defined by the control poids (),
P31, P22 andPy 3.



Pio

The pointP (ug, v9), on the patch, is calculated as a point on tt&iBr curve defined by the control points

Qo(uo), Q1(uo), Qa2(uo) andQs(up),

Calculating with the Other Parameter

If we reverse the order of the sums in the defining equation and regroup, we find that
P(u,v) = > > Pi;Bjn(v)| Bim(u)
=0 | j=0
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which implies, if we do the above construction again, that we can firat fix vy, define control points
Qo(vo), Q1(vo), ..., Qn(vp) and define the equation as

which is again a Bzier curve lying on the surface.
Thus, we can either do this procedure by fixin§rst, or fixing v first, and we obtain the same result.

Summary

The Bezier patch is a direct extension oéBer curves to surfaces. The definition of the patch follows
directly the definition of the curve, with the primary differences being the use of an array of control points
and the bivariate Bernstein Polynomials. However, the patch can be treated as a continuouszitrof B
curves, and the calculations to find a point on the patch can be reduced to finding several points on curves.
The calculations are parameter independent in that it does not matter whether we start witbrthe
parameter.
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