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Overview

The B́ezier patch is the surface extension of the Bézier curve. The definition of the patch follows directly

the definition of the curve, with the primary differences being the use of an array of control points and the

bivariate Bernstein Polynomials. The edge curves of the patch are Bézier curves and the “corner” control

points are always on the curve.

In these notes we show that a patch can be treated as a continuous set of Bézier curves. That is, for any

fixed parameteru0 or v0 we can define a B́ezier curve that lies directly on the surface of the patch. This is a

very valuable tool for calculations on the patch.

Calculating Bézier Curves on B́ezier Patches

In the development of the B́ezier patch, we have shown that the boundary curves of the patch are Bézier

curves – that is,P(0, v) andP(1, v) are B́ezier curves lying on the boundary of the patch.

If we examine the definition of a B́ezier patch closely, and group factors appropriately,

P(u, v) =
m∑

j=0

[
n∑

i=0

Pi,jBi,n(u)

]
Bj,m(v)

we notice that portion of the equation inside the brackets is the representation of a Bézier curve. If we fix

u = u0, the internal sum can be calculated (forj = 0, ...,m). This implies thatP(u0, v) is a B́ezier curve

on the surface.

If we defineQj(u) to be the value

Qj(u) =
n∑

i=0

Pi,jBi,n(u)



(i.e. the value inside the brackets above) then we can see that

P(u, v) =
m∑

j=0

Qj(u)Bj,m(v)

That is, the quantitiesQj(u) form the control points of another Bézier curve, and together for allu andv,

they form the surface.

Therefore, givenu = u0, we can calculate the quantitiesQ0(u0), Q1(u0), ...,Qm(u0), givingm control

points to utilize for the curve

Q(v) =
m∑

j=0

Qj(u0)Bj,m(v)

This curve lies on the patch – since it is reallyP(u0, v), and calculatingQ(v0) gives us the point on the

patch at(u0, v0). SinceQ(v) is a B́ezier curve, this calculating is straightforward. The following illustration

shows the relationship between theQs and thePs in the4× 4 case.

First the pointQ0(u0) is calculated as a point on the Bézier curve defined by the control pointsP0,0,

P0,1, P0,2 andP0,3.
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next the pointQ1(u0) is calculated as a point on the Bézier curve defined by the control pointsP1,0, P1,1,

P1,2 andP1,3.
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then the pointQ2(u0) is calculated as a point on the Bézier curve defined by the control pointsP2,0, P2,1,

P2,2 andP2,3.
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and finally, the pointQ2(u0) is calculated as a point on the Bézier curve defined by the control pointsP2,0,

P2,1, P2,2 andP2,3.
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The pointP(u0, v0), on the patch, is calculated as a point on the Bézier curve defined by the control points

Q0(u0), Q1(u0), Q2(u0) andQ3(u0),
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Calculating with the Other Parameter

If we reverse the order of the sums in the defining equation and regroup, we find that

P(u, v) =
m∑

i=0

 n∑
j=0

Pi,jBj,n(v)

Bi,m(u)
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which implies, if we do the above construction again, that we can first fixv = v0, define control points

Q0(v0), Q1(v0), ..., Qn(v0) and define the equation as

P(u, v0) =
m∑

i=0

Qi(v0)Bi,m(u)

which is again a B́ezier curve lying on the surface.

Thus, we can either do this procedure by fixingu first, or fixingv first, and we obtain the same result.

Summary

The B́ezier patch is a direct extension of Bézier curves to surfaces. The definition of the patch follows

directly the definition of the curve, with the primary differences being the use of an array of control points

and the bivariate Bernstein Polynomials. However, the patch can be treated as a continuous set of Bézier

curves, and the calculations to find a point on the patch can be reduced to finding several points on curves.

The calculations are parameter independent in that it does not matter whether we start with theu or v

parameter.
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