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Overview

The normalized B-spline blending functions are defined recursively by

1 ifuelt,t;
Nil(t) _ {z H—l)
0 otherwise

and ifk > 1,

Nig(t) = (t_tz) Nig—1(t) + (W) Niy1p-1(t)

Tigk—1 — T itk — tit1

where{t, t1, ..., t,1 } IS @ non-decreasing sequence of knots, /argithe order of the curve.
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These functions are difficult to calculate directly for a general knot sequence. However, if the knot

sequence is uniform, it is quite straightforward to calculate these functions — and they have some suprising

properties.

Calculating the Blending Functions using a Uniform Knot Sequence

Assume thatt, t1, ta, ..., t, } is @ uniform knot sequencee., {0, 1,2, ...,n}. This will simplify the

calculation of the blending functions, gs= 1.

Blending Functions fork = 1



if £ = 1, then by using equation (1), we can write the normalized blending functions as

1 ifuelii+1)
N;a(t) = (3)
0 otherwise

These are shown together in the following figure, where we have ploigd Ny 1, N2 1, andNs ; respec-
tively, over five of the knots. Note the white circle at the end of the line where the functions valuéhs
represents the affect of the “open-closed” interval found in equation (1).
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These functions have support (the region where the curve is nonzero) in an interva¥, whlaving support
onli,i + 1). They are also clearly shifted versions of each other — &/g.; ; is justN; ; shifted one unit
to the right. In fact, we can writ&/; 1 () = No1(t — )

Blending Functions for k =2



If £ =2 thenNy, can be written as a weighted sum/8f ; and N, ; by equation (2). This gives

t—t ty—t
Noa(t) = P— Noa(t) + Pa—

= tN071(t) + (2 — t)NLl(t)

Ni1(t)

t ifo<t<l1
=q2—-t if1<t<?2

0 otherwise

This curve is shown in the following figure. The curve is piecewise linear, with support in the inj@r2gl
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These functions are commonly referred to as “hat” functions and are used as blending functions in many
linear interpolation problems.
Similarly, we can calculatéV; > to be

t—t t3 —t
Na1(t)
to — 11 t3 —to

= (t = 1)N11(t) + (3 —t)Na 1 (1)

Nia(t) =

Niai(t)+

t—1 if1<t<?2
=4943—-t if2<t<3

0 otherwise

This curve is shown in the following figure, and it is easily seen to be a shifted versiggof



Finally, we have that

t—2 if2<t<3

Nig(t)=<4—t if3<t<4

0 otherwise

which is shown in the following illustration.

A

These nonzero portion of these curves each cover the intervals spanned by three knof$,- sgans the
interval[1, 3]. The curves are piecewise linear, made up of two linear segments joined continuously.
Sinve the curves are shifted versions of each other, we can write

Nia(t) = Noa(t — i)

Blending Functions for k = 3



For the casé = 3, we again use equation (2) to obtain

t—1 tg — 1t
Nos(t) = ——Noa(t) + ———Nia(t)
t2 — to t3 - tl
t 33—t
:§Nm@%+4§4wzw

(

e ifo<t<1
-t 43210t —-1) ifl1<t<?2
ol if2<t<3

0 otherwise

£ ifo<t<l1

SR f ] <y <o
(3-1)?

S if2<t<3
\0 otherwise
and by nearly identical calculations,
t—t tg —1
Nys(t) = LNy o (t) + —— Nao(t)
ts — t1 ty —to
t—1 4—t
= ——Nia(t) + ——Na2(t)
2 2
(t-1)" if1<t<2

2 .

@t if3<t<4

0 otherwise

\

These curves are shown in the following figure. They are clearly piecewise quadratic curves, each made up
of three parabolic segments that are joined at the knot values (we have placed tick marks on the curves to
show where they join).



The nonzero portion of these two curves each span the interval between four consecutive knots — e.g., the
nonzero portion ofV; 5 spans the interval., 4]. Again, N; 3 can be seen visually to be a shifted version of
Ny 3. (This fact can also be seen analytically by substitutirg1 for ¢ in the equation forV; 3.) We can
write
Nis(t) = Nos(t —1)

)

Blending Functions of Higher Orders
It is not too difficult to conclude that thd’; 4, blending functions will be piecewise cubic functions. The
support ofNV; 4 will be the interval(i, i + 4] and each of the blending functions will be shifted versions of
each other, allowing us to write
Nia(t) = Noa(t —1)

In general, the uniform blending functioné; ;, will be piecewisek — 1st degree functions having support
in the intervali, i + k). They will be shifted versions of each other and each can be written in terms of a
“pbasic” function

Nik(t) = No(t — 1)




Summary

In the case of the uniform knot sequence, the blending functions are fairly easy to calculate, are shifted
versions of each other, and have support over a simple interval determined by the knots. These characteristics
are unique to the uniform blending functions.

For other special characteristics see the notes that describe writing the uniform blending functions as a
convolution, and the notes that describe the two-scale relation for uniform B-splines
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