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Overview

The two-scale relation for the uniform B-spline blending function can be used to represent this function

as a linear combination of scaled and translated versions of itself. This remarkable property is extremely

useful in defining wavelets on B-splines.

In these notes, we develop the coefficients of the linear combination. The fact that the blending function

can be defined using convolution allows us to analyze this relationship in terms of its Fourier transform.

The Two-Scale Relation for Uniform B-Splines

Given the general B-Spline blending function of orderk, the two-scale relation is written as

Nk(t) =
k∑

j=0

pjNk(2t− j)

where

pj =
1

2k−1

(
k

j

)
We calculate these coefficients by taking the Fourier transform of both sides of the two-scale equation.

Calculating the Fourier Transform of the Blending Function



First letN̂k(ω) be the Fourier Transform ofNk(t), that is

N̂k(ω) =
∫ ∞
−∞

e−ıωxNk(x)dx

Using the fact that for anyk, Nk(t) is defined to be(Nk−1 ∗N1)(t), we have that

N̂k(ω) = ̂(Nk−1 ∗N1)(ω) = N̂k−1(ω)N̂1(ω)

since convolution translates to multiplication in the Fourier transform. But since

N̂1(ω) =
1− e−ıω

ıω

it is easy to conclude that

N̂k(ω) =
(

1− e−ıω

ıω

)k

Taking the Fourier Transform of Both Sides of the Two-Scale Equation

If we take the Fourier Transform of both sides of the equation

Nk(t) =
∞∑

j=−∞
pjNk(2t− j)

we obtain

N̂k(ω) =
1
2
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pje
− ıjω

2

 N̂k

(ω

2

)

This gives
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and so
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2
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(
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where we have used the binomial theorem in the final step.

The Coefficients

Comparing both sides of the above equation, we can see that

pj =


1

2k−1

(
k
j

)
for 0 ≤ j ≤ k

0 otherwise
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