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Overview

Given two frames in three-dimensional space, it is possible to develop a4 × 4 matrix that converts

coordinates from one frame to coordinates of another. Here we discuss the special case of converting the

coordinates of points of an object specified in the Cartesian frame to a local coordinate system specified by

an arbitrary frame. This conversion matrix is useful in the construction of complex transformations, as in

many cases it is worthwhile to first convert to the Cartesian frame, do our operations in this well-known

frame, and then utilize this transformation to convert back.

The Problem

Suppose we are given a FrameF = (~u,~v, ~w,O) and we letFC be the Cartesian frame

(< 1, 0, 0 >,< 0, 1, 0 >,< 0, 0, 1 >, (0, 0, 0))
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If we have a pointP with coordinates(x, y, z) in the Cartesian frame, what local coordinates does this

point have with respect to the frameF?

Developing the Conversion Matrix

How do we solve this problem? Well, we wish to find coordinates(u, v, w), so that

[
u v w 1

]


~u

~v

~w

O

 =
[

x y z 1
]


< 1, 0, 0 >

< 0, 1, 0 >

< 0, 0, 1 >

(0, 0, 0)


We know that that vectors~u,~v and~w are linearly independent and form a basis for the vector space of vectors

in <3. Therefore, we can write each of< 1, 0, 0 >, < 0, 1, 0 > and< 0, 0, 1 > as a linear combination of

these basis vectors as follows:

< 1, 0, 0 > = e1,1~u + e1,2~v + e1,3 ~w

< 0, 1, 0 > = e2,1~u + e2,2~v + e2,3 ~w

< 0, 0, 1 > = e3,1~u + e3,2~v + e3,3 ~w

where thee1,1, e1,2, ..., e3,3 are constants. In addition, since(0, 0, 0)−O is a vector, we can find constants

e4,1, e4,2, ande4,3 so that the point(0, 0, 0) can be written as

(0, 0, 0) = e4,1~u + e4,2~v + e4,3 ~w + O

Putting these four equations into matrix form, the vectors and origin of the Cartesian frameFC can be

written in terms of the vectors and origin of the frameF as follows:
< 1, 0, 0 >

< 0, 1, 0 >

< 0, 0, 1 >

(0, 0, 0)

 =


e1,1 e1,2 e1,3 0

e2,1 e2,2 e2,3 0

e3,1 e3,2 e3,3 0

e4,1 e4,2 e4,3 1




~u

~v

~w

O


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And this equation implies that

[
u v w 1

]


~u

~v

~w

O

 =
[

x y z 1
]


e1,1 e1,2 e1,3 0

e2,1 e2,2 e2,3 0

e3,1 e3,2 e3,3 0

e4,1 e4,2 e4,3 1




~u

~v

~w

O


where now the frames on both sides of the equation are identical. If we then equate the coordinates, we have

[
u v w 1

]
=

[
x y z 1

]


e1,1 e1,2 e1,3 0

e2,1 e2,2 e2,3 0

e3,1 e3,2 e3,3 0

e4,1 e4,2 e4,3 1


This is a very nice result, which says that the coordinate change betweenF andFC can be represented

by a4× 4 matrix.

Calculating the Components of the Matrix

So how do we calculate the matrix
e1,1 e1,2 e1,3 0

e2,1 e2,2 e2,3 0

e3,1 e3,2 e3,3 0

e4,1 e4,2 e4,3 1

 ?

We utilize Cramer’s Rule, which is a determinant-based procedure that is used to solve systems of equations.

The procedure says that if we are given a vector~t, we know that in the frameF , ~t has coordinates(u, v, w)

– that is,~t = u~u + v~v + w~w for someu, v andw. Cramer’s rule allows us to calculateu, v andw directly
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from the following vector equations: If we define

D = ~u · (~v × ~w)

D1 = ~t · (~v × ~w)

D2 = ~u · (~t× ~w)

D3 = ~u · (~v × ~t)

then

u =
D1

D

v =
D2

D

w =
D3

D

(We note that theDs are really just determinants in three dimensions.)

By substituting specific~ts into the equations above, we can calculate the components of the conversion

matrix for frames. Specifically,

• First let~t =< 1, 0, 0 >, and use Cramer’s rule to calculatee1,1, e1,2 ande1,3 ;

• then let~t =< 0, 1, 0 > and calculatee2,1, e2,2 ande2,3 ;

• let~t =< 0, 0, 1 > and calculatee3,1, e3,2 and

• and finally let~t = (0, 0, 0)−O and calculatee4,1, e4,2 ande4,3.

This can be easily implemented on a computer system. The calculations contain nothing more than a few

dot products and cross products.

If the arbitrary frame is an orthonormal frame – which is frequently the case – the calculations are even

easier and the interested reader should see the section on Cramer’s Rule for more information.

Summary

We have developed a method that converts the coordinates of a point in the Cartesian frame to the

coordinates of the same point in an arbitrary frame. The conversion is accomplished by a4 × 4 matrix

whose components can be easily calculated using Cramer’s rule.
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We note that this transformation is the inverse of the transformation that converts coordinates from an

arbitrary Frame to the Cartesian frame.
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